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Introduction 

Last time along with Yangians of simple (and reductive) Lie algebras it is 
became studied the Yangians of Lie superalgebras of classical type (see [TU] . 

HU,i). 

Itself notion of Yangian of simple Lie algebra was introduced by V.DrinfeFd 
as a quantization Lie bialgebra of polynomial currents (with values in this 
simple Lie algebra) and with coalgebra structure defined rational Yang r- 
matrix. But dual the Yangian object (for linear algebra Lie gl{n))) was 
became studied earlier in framework Quantum Invers Scaterring Method 
(QISM). The V. Drinfel'd shows that this object is isomorphic the Yangian. 
In many papers is ised namely this assignment of Yangian in terms of gener- 
ators which are matrix elements of irredicible representations of Yangian in 
sense of Drinfel'd. As noted above this two approaches essentually isomor- 
phic and its employment is dictated of solving problems. In the article [B] it 
was defined Yangian of the Lie superalgebra A(m, n) type in the framework 
Drinfel'd approach and it was formulated Poincare-Birkgoff-Witt theorem 
(PBW-theorem) and theorem on existence pseudotriangular structure that 
is theorem on existence of universal i?-matrix. This article is natural contin- 
uation of the article [S] and its final result is explicite formula for universal 
i?-matrix. As a corollary we also receive such formula and for the partial case 
of Yangian Y(sl2) Lie algebra sl2- I remined that universal i?-matrix of the 
Yangian Y(q) of the simple Lie algebra g was introduced by V.G. Drinfel'd 
(see 0) as a formal power series R(X) = 1 +J2T=o ^k^~ k ~ 1 with coeffi- 
cients Rk E Y(g)® s , which conjugates the comultiplication A and opposite 
comultiplication A' = roA,r(i®y = y®x) (r(x(g>y = (— l) de 9( x ) de 9(y) y ^ x ^ 
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for Lie superalgebras. Explicite defintions will be done later in the text of 
this article.) More exactly, R(X) conjugate the images A and A' under 
action operator id®T\, where T\ is a quantum counterpart of shift oper- 
ator, nd id be an identical operator. The R{\) behave as it is image of 
some hypotetical R-matrix R under action id ® T\ conjugates A and A'. 
Drinfel'd called such formal power series R{\) the pseudotriangular struc- 
ture and proved it existence for Y(g), when g be a simple Lie algebra. But 
explicite formula for R(X) it hasn't received up to now. If we shall see on 
classical counterparts of notions -ff(A) and R, namely, on classical r-matrices 
r(A) and r, then r be an element of a topological tensor square of a classical 
double and r(A) = {id ig) T\)r, where T\f(u) = f{u + A) be a shift operator. 
Then we can naturally to expect that and in the quantum case R{\) will be 
an image of universal R-matrix R of quantum double of Yangian under the 
action of some shift operator. When V. Drinfel'd defined pseudotriangular 
structure he didn't know good description of Yangian double in terms of 
generators and defining relations and universal R-matrix of Yangian dou- 
ble. But in the middle of 90-th S.Khoroshkin and V.Tolstoy receeived the 
description of Yangian double in the terms of generators and defining rela- 
tions and they computed the multiplicative formula of universal R-matrix 
of Yangian Double (see ^3] ) • 

In this article we describe quantum double DY(q) of Yangian of Lie 
superalgebra q = A(m, n) in the terms of generators and defining relations. 
We also calculate the universal R-matrix of Yangian Double follow the plan 
suggested in article [Ej- The main result of this article is a such formula 
for universal R-matrix for DY(A(m,n)). This formula is represented in the 
factorable form as an product of three factors each of them is an infinite 
ordered product. It should be mentioned that computation of universal 
R-matrix of Yangian Double based on the same ideas as a computation 
of universal R-matrix of quantized universal enveloping algebra of affine 
Lie algebra (see [JH])- I n the [H3 it was quantum Weyl group for 

computation the multiplicative formula of universal R-matrix. In the case 
of the Yangian Double we havn't full counterpart quantum Weyl group. But 
partial analogies we use completely. Namely, operator t°° we can consider 
as an counterpart of longest element of affine Weyl group. We also can 
interpret the twist F which can use for construction of universal R-matrix 
in the terms of counterpert of elements of affine Weyl group. After them as a 
formula of universal R-matrix of Yangian double is received we calculate the 
universal R-matrix of Yangian applying to receiving formula the operator 
id ® T\. Further calculation bases on the description action this operators 
id ® T\ on the generators of dual Hopf superalgebra to Yangian in quantum 
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double. 



1 Quantum Yangian Double of Lie Superalgebra 

A(m, n). 

I recall that the Yangian Y(g) of basic Lie superalgebra g (see |T2|) is a 
deformation of universal enveloping superalgebra f/(g[£]) of bisuper algebra 
Lie g[t] of polynomial currents. The structure of the Lie bisuperalgebra is 
defined by co cycle 5 : g — > g /\ g 

5 : a(u) -» [a(u) <g> 1 + 1 <g> o(u), r(u, u)], (1.1) 

where 

r(ti,t>) = , 

u — v 

and t be a Casimir operator, defined nondegenerate scalar product (•, •) on 
basic Lie superalgebra (which exist on very basic Lie superalgebra (see 
[TTj . [T2"j)). Other words, let {ej},{e 1 } be dual bases in g relatively this 
scalar product. Then t = Y2i e i ® e? - Further, let g = A(m,n). The Lie 
superalgebra g as an each basic Lie superalgebra is defined by itself Cartan 
matrix A = (a i)i )^tl +1 - 

Nonzero elements of Cartan matrix are follows: an = 2, aa+\ = ca+n = 
— 1, i < m + 1; Oi_i t j = Oj^-i = 1, Oj,j = -2, m + 1 < i, i € I = {1, • • ■ , m + 
n + 1}. Then Lie superalgebra g is generated by the generators hi,xf,i G 
J, where generators are odd and other generators are even. These 

generators satisfy the following defining relations: 



[h h h j ]=0 [h i ,xf}=±a ij xf, (1.2) 

= <%/Zj, (1.3) 

[[^m+l' ^+2!' I X m+2' X m+ll] = ^ (1-4) 



--,xf]}=0 (1.5) 



As usual, [•,•] denotes supercommutator: [a, 6] = a6— (— l) p ( a > p ( b >ba. Let 
II = {ai,--- ,a m+ i,-- - ,a m+n+ i} be a set of simple roots, A(A + ) be a 
set of all roots (positive roots). Let also {x a , X- a }, a € A + be a Cartan- 
Weyl base, normalized by condition (x a ,X- a }) = 1. We shall use notation 
(aii,aj) = ciij. 

Below, we also use notation g := A(m,n). 
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Definition 1.1. (see. (Hj) Yangian Y(g) of Lie superalgebra g be a Hopf 
superalgebra over C, generated as an associative superalgeba by generators 
hi,k '■= hai,k) x ik := x a u,i € I,k E Z + , which satisfy the following defining 
relations: 

[hi,k, hjj] = 0, (1.6) 
hjhi,k-H = [tf k ,xJj], (1.7) 
[h i;k+1 ,xf tl ] = [hi,k, xfj +1 ] + (b i j/2)(h i)k xf l + xfjhifi), (1.8) 
[ h i,o,xf^] = ±b ij xf l , (1.9) 
= + (^/2)(< fe x± + s± x± ), (1.10) 

£>& CT(1) > ■ • • [< feCT(r) >4l-] = 0,*Vi,r = ^ = 2 (1.11) 

[[ X m,fc' X m+l,fe]' I x m+2,fc' X m+l,fc]] = ^ (1-12) 

The sum taken over all permutations a of set {1, -.^r}. Parity function 
take the following values on generators: p(x^ k ) = 0, for k G Z+,j G I \t 
p{hi,k) = 0, for i G I, k G Z + , p(x ijfc ) = 1, fe G £+, i G r. 

Comultiplication on generators hi >k ,x ik ,i G /, fc = 0,1 is defined by 
following formulas: 

A(x) = x ® 1 + 1 <8> x,x G (1-13) 
A(/ii,i) = ® 1 + 1 ® h i)X + [/i i)0 <8> 1, to] + hifi ® h ifi = 
hi,i ® 1 + 1 ® hi,x + hi t0 ® fti,o - EaeA+(- 1 ) de9(a;Q) (a^ a)«-a ® 41-14) 
A Ki) = s^i ® 1 + 1 ® ^"i + [1 ® xr , t ] = 
® 1 + 1 ® x~ x +EaeA + (- 1 ) de9iXa) [x- ai ,X- a ] ® x Q ; (1.15) 
A (<i) = <i ® 1 + 1 ® <! + [< ® !. to] = 

X+ ® 1 + 1 ® X+ - EaeA+t" 1 )^^-" ® (1-16) 

Let's note that universal enveloping superalgebra U(g) naturally embed- 
ded in Y(g). 

Let's introduce the quantum double DY(g) of Yangian Y(g). I recall 
the definition of quantum double (see [2]). Let A be a Hopf superalgebra. 
Let's denote by ^4° the dual Hopf superalgebra A* with opposite comul- 
tiplication. Then quantum double DA of Hopf superalgebra A be a such 
quasitriangular Hopf superalgebra (DA, R), that DA contains A, A as a 
Hopf subsuperalgebras; R be an image of canonical element of A ® ^4°, cor- 
responding the identical operator under embedding in DA® DA; linear map 
A ® ^4° — > DA, a ® 6 — > ab be a bijection. 
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Let's note if Hopf superalgebra A be a quantization of bisuper algebra 
Lie g, then quantum double DA of A be a quantization of a classical double 
0©0* of a Lie bisuper algebra g. Moreover the cobracket in a classical double 
is defined by formula: 5 = 5 8 © (— 5 g *). 

Let C(g) (see [I], ^3]) be an associative superalgebra generated by gen- 
erators hi t k,x-,,i E I,k E Z, which satisfy above mentioned defining rela- 
tions (rrii- (rn% . If to define the degrees of generators of C (g by formula: 
degfoijz) = deg(x^ z k ) = k, then we receive the following filtration on C(g): 

• • • C_„ c ■ ■ • c CLi c C c • • • c C m c • • • C(g), (1.17) 

where ^ = {16 C(g) : deg(x) < k}. 

Let C(g) be a formal completion of C(g) relatively this filtration. The 
generators x ik ,hi 7 i-,i E I,k E Z + generate Hopf subsuperalgebra Y + (g) 
C(g), isomorphic to Y(g). Let Y~(g) be a closed subsuperalgebra in C(g), 
generated by generators x ik , hi^,i E I, k < 0. 

Theorem 1.1. Hopf Superalgebra Y (g) isomorphic to Y~(g). 

This theorm will be follows from the results which will be formulated 
below. From theorem 1.1 it follows that Hopf superalgebra Y~(g) be a 
quantization of bisuperalgebra Lie (with cocycle ([l.ljl ). 

For description DY(g) it is convenient to introduce the generating func- 
tions ("fields") ef(u) := £ fc > x+ k u~ k -\ e-^u) := - £ fc<0 < fc u~ fc -\ /+(u) ■ = 

E k >o x 7,k u ~ k ~ 1 > h t( u ) '■= l +Y. k >vKku~ k ~ l J~ {u) --EkoV^-M") : = 

Proposition 1.1. Defining relations (|1.6|) - ()1.12[) in superalgebra C{g) 
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are equivalent the following relations for generating functions 
[hf(u),hf(v)}=0, [hf(u),hj(u)]=0, 



[eHu)J±(v)] = - Si /*M- h : iV)] , 

[hf(u),ef(v)] = _ (^)^W.(^)-^M)} > 
[hf(u),ef („)] = _ (^)^ ± (").(^)-^W)} > 

^H,e 7 (,)] + [e+(«),er(«)] = - ^ ^ ^ ^ ^ m , 

I/^H, //=(«)] + [/f (,)] = _ (^)^(«)-if(^(«)-ifw)} ! 

/,->)] + [/;(«), /rwi = 

[^(tix), [er(n 2 ),ef (u 3 )]] + [< 2 (« 2 ), [^(m), (u 3 )]] = 0, 
[/f(n 2 ),/f (u 3 )]] + [if M, (n 3 )]] = 0, 

[[e£ (ui) , e^ +1 (« 2 )], [e^ +2 (« 3 ), <lfi M]] = 0, 

[[^(«i),a(«2)]>[iSf>W^iW]] = ' 



2 Triangular decomposition and pairing formulas. 

Let Y^Y^Y^ be subsuperalgebras (without unit) in Y(g), generating of 
elements xf k ,hik,x~ k ,(i G I, k € correspondingly. Let y + ,Yo,^'- be 

subsuperalgebras Kl,Yq, 1^ with unit element. 

Proposition 2.1. Multiplication in y(g) induces isomorphism of vector 
superspaces 

r + ®y ®y_-^r(fl) (2.1) 

This proposition is partial case of theorem 3 from [S]. Let's extend this 
proposition on DY(q). 

For these we need some simple properties of comultiplication on Y(q), 
which is proved by induction using formulas (|1.13j) - (|1.16|) and relations (|1.6j) - 
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()1.12j) . and using also that fact that comultiplication be homomorphism of 
associative superalgebra, i.e. A (a ■ b) = A (a) ■ A (6). 

Proposition 2.2. 1) A(x) = x ® l(modY <g> Y|), for all x G Y+; 
2) A(y) = 1 (g y(modY'_ ® Y), for all y G 

Corollary. 1) A(T+) C7®y + ; 
2) A(Y_) 

So, we have that Y + (Y_) be a right (left) coideal in Y = Y(g). 
Let's also BY± be a subsuper algebra (without unit) in Y(g), generated 
by xf k ,h jr , el,k,re Z+). 

Proposition 2.3. 1) A(e) = e ® l(modY <g for all e G 

2) A(/) = I® f(modBYL <g Y), for all/ e J3Y1. 

3) A(/i) = /i ® l(mody BY|) = 1 <g h(modBY'_ <g F), for all / G r o '. 

Properties 1), 2) is proved also as analogous properties in proposition 
2.2, property 3) follows from 1), 2). 

Let <•,•>: Y(g) (g Y°(g) — > C be a canonical bilinear pairing Y(fl) 
and its dual Hopf superalgebra Y*{g) with opposite comultiplication. (We 
denote by Y°(g) the Y*(g) with opposite comultiplication.) From definition 
imply the next properties of this pairing. 

< xy, x'y' >=< A(xy), x' (g y' >= (—1)p( x )p(v) <y®x, A(x'y') >, 
<x®y >< x' (g) y' >= (— l)P( x Mtf) < x , x' X y, y' >, 
Vx,yG Y( ),Vx',y'GY o ( ) 

Let A, B are subsuperalgebras of Y(g). Let's also (AB)± := {x' G 
:< afr,x' >= 0,Va G ^4, 6 G B}. It is easy to check that (Y ■ 
BYL)±, (BY+ ■ Y) ± , (Y ■ YL)±, {Y{ ■ Y)± are subsuperalgebras of Y°{g). Let 
Y* := (Y ■ BYL)x, BY* := (Y ■ Yi)±,Y* := (BY\. ■ Y) ± , 
(BY)*_ := (Y| • Y)±, Y* := BY* f| BY*. 

Proposition 2.4. 1) For all x G Y+,h G Y ,y G Y-,x' G Y*,h' G 
Y * ,y' (E.Y* canonical pairing is factorized as 

< xhy,x'h'y' >= (-l) de 9( x ')deg(y) < ^ ^ ^ ^ y y / > 

2) Multiplication in Y (g) induces isomorphism of vector spaces: 
Y*®Y *®Y*^Y°(g). 

3) PBW-theorem is fulfilled for Y°(g). 

Proof. Let' prove 1). 

< xhy,x'h'y' >=< A(xh) ■ A(y), x'h'®y' >=< A(x)A(h)A(y),x'h'®y' >= 

< (x <g 1 + a n <g x n ){h® 1 + d s (g x s )(l (g y + J2 Vm <8> Om), a;'^' ® y' >= 

< xh® y, x'h! (g y' > + < ^ c r (g d r ,x'h' (g y' >= 

xh,x!h' >< y,y' >. 
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Let's noticed that < £ c r <g> <8> y' >= ^ r (-l)^(^')^(d r ) < 

Cr,x'h' >< d r ,y' >= 0. As < d r ,y' >= 0, d r G Y+Y,y' G (BY£F)_l and we 
have < xh, x'h! >=< (x ® 1 + ^ fln ® #n)(l ® h + ^ y m (g> b m ),x' <g> h! >=< 
x®h,x' ®h! > +0 =< x, x ; >< /i, /i' > therefore we received proposition of 
!)• 

Let's note that 2) follows from 3). Let' prove 3). Let's choose PBW base 
Y (g). Every vector of this base can be represented in the followin form: xhy, 
where x G Y + , h G H,y G Y^. Then biorthogonal vector in view of 1), can 
be represented in the form: x'h'y', where x' G YT,h G H*,y G Y*. These 
vectors also form base in Y°(q). This fact proves 3). 

Let's study this pairing in detail. First, let's describe the PBW base 
for Y(q) in detail (see alternative description in [S]). Let's as above A, A + 
denote the set of roots, set of positive roots of Lie superalgebra A(m,n). 
Let's consider also the set A re of real roots of affine (nontwisted) Lie super- 
algebra A(m,n)^ (see ^3)- For generators of DY{q) xf k we shall use the 
next notation: 

x aa+kS := x t,k> 

X- ai+ kS ■= x~ k , i G I,k G Z,ati G A+. 

In this case ±Oj + kd G A re . Let H C A re . Total linear order ^ 3 is 
called convex (normal), if for all roots a, /3, 7 G E such that 7 = a + (3 we 
have : 

Let's introduce subsets of set A re : 

H± := {±7 + M: 7 G A; e }. 

Let's introduce on convex orderings ^ + ,^_, saisfying the fol- 

lowing conditions: 

j+kS ^ + j+IS and — 7+W — 7+M, if k < I, for V7 G A + 

(2-2) 

Let's define root vectors x±/3, /3 G H+ U E_ by induction in the following 
way. Let vectors x^,xp 2 are already being constructed. If root xp 3 satisfy 
conditions: Xfa ^ xp 3 ^ xp 2 and in the segment (2^,2;^) we havn't root 
vecors (which was already being constructed), the let's define root vectors 
x±p 3 by formulas: 

x ps = [xfaXpaliB-pa = [x-faX-fa]. 

Let's note that convex (normal) ordering connects with natural ordering 
of elements of affine Weyl group in the case of Lie algebras. 

We need the following description of Y(q), which is an analog of descrip- 
tion of quantized universal enveloping superalgebra of affine Lie superalge- 
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bra. First, let's fix the following convex ordering on = A(m,n): 

(ei— 62, £1—63, • • • , ei-e m+n+ 2), (£2-63, £2-64, • • • , e2-e m +n+2), ■ ■ ■ (e m +n+i- 

Em+n+2)- 

Here ej — ej = ctj + • • • + ctj-±. 

Let's add affine root to the set of simple roots. I remind that cxq = 
5 — 8,6 := «! + ■•• + a m +n+i = ei — e m +n+i be a highest root, 5 be a 
minimal imaginary root. Let's consider the next convex ordering on the set 
A re affine real roots: 

(«! , cti + S, «i + 28, ■ ■ ■ , ai + nS, ■••),(■•• oti + a 2 + nS, ■ ■ ■ , a.\ + a 2 + 5, a.\ + 
02), (• • • ai+a2+a3+ni5, • • • , 01+02+03+^ 01+02+03), • • • , (• • • a n +m+i + 
nS, ■ ■ ■ , a n+m+ i + 5, a n+m+ i). 

Let's calculate pairing for root vectors. Let h* k ,e* k ,f* k are generators 
of Y* = Y_. Let e i>k := x+ k , f i>k := x~ k . 

Proposition 2.5. The following two conditions are equivalent. 
1) < ej ) fe,e*_;_ 1 >= -SijSkj; 

< fi,k,fj-i-i >= 

< h*, ^-i-i >= -(-W- l J^Ty. fork >l>0. 

2) 



K-k> h J,-A=°> (2-3 

$i,i h i-k-i = k-fc./j-i]. (2-4; 

K_ fe _i, e* _,] = e* + (b ij /2)(hl_ k e j ,. l + e* (2.5; 

[^,0.4,]=^,, (2.7; 

/';,,-./}./: ^,/;./ (2.s; 

K_ fc+1 , e * _J = [e*_ fe , e* _ J+1 ] + (^/2){e*_ fe , e* _J, (2.9; 

[/£-*+!• /;,-|] = [/£-*> fl-l + i\ - (bij/2){f*_ k , /*_,}, (2.10; 

E,K- feCT(1) , ■ • • [e*_ w e*_J...] = 0,^ j,r = = 2 (2.11 

£,[/* • • • [/*- W /;,_,]•••] = 0, ^ j, r = = 2 (2.12; 

[[ e m,-fei' e m+l,-fc 2 ]' [ e m+2,-fc 3 ' e m+l,-fc 4 ]] = ^' (2-13, 

[[/m,-fci' /m+l,-fc 2 ]' Wm+2,-fc 3 >/m+l,-fcJ] = ^" (2-14 



Proof. The proof of this proposition is inconveniently and we having 
marked basic points of proof, omiting technical details. We shall lead the 
proof by induction on values of indexes k,l. First of all it is easy to prove 
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next formulas. 

A(e iifc ) = e ijk ® 1 + 1 ® e i)fe + ^r=o ® e i:k - r (modYY_ ® F|); 
A(/ i)fe ) = /i, fe (8> 1 + 1 ® fi, k + Er=o fyr ® ei jk -r(modYL ® FjF); 
A(/i ijfc ) = /ti,fc ® 1 + 1 ® + Er=o Kr ® ^i,fc-r(modyF^. ® FjF); 

From this formulas it is follows the next equalities: 

A(e iifc e jV ) = e^e^ ® 1 + 1 ® e hk e^ + e i>k ® e j>; + (-l)*^*.*)**^)^, ® 
e iifc (modFF^<g>F|); 

A(/i, fe /,y) = /i, fc / jV 1 + 1® /i.fc/j,, + / iifc ® f U + (-I)te9(fi*)de9(fj,i)f jtl ® 
h, k {modY!_ ®F|F); 

A(hi,khj,i) = h itk h j i®l + l®hi tk hji + hi tk (S)h j j + hj t i®hi ik (modYYL®YlY). 

Using these formulas and definition of quantum double we can prove by 
induction the invariance of this pairing on generators of Yangian Double. 

< [a,b],c>=< a,[b,c] > (2.15) 

We omit the proof of this fact realizing that proof of such simple fun- 
damental fact it must be short and idea's. We have only proof bases on 
induction using above written formulas and next definition of Hopf pairing. 

< ab,cd >=< A(ab),c®d>= (-i)deg{a)deg(b) < 5® aj A(cd) > (2.16) 
< a, 1 >= e(a) >, < 1, b >= e(b) (2.17) 

Now we can to show how the condition 1) follows from condition 2). 
Let's show, for example, how by induction it is derived pairing formula on 
Cartan generators of Yangian Double from commutative relations using for- 
mula 1^23 F° r m = n = 0, proving formulas coincide with its quasiclassical 
limits for which they are evidently correct. Let these formulas correct for 
m > k, n < I + 1. Let's show that they correct for n = I + 1. 
< hi jk ,hj,i >= - < e^o, [fi,k,hjj] >=< e^o, [hj t o, fi, k -i-i] + 

\ a ij Es^i^V-i-l' fk-s-x} > = ~\ a ij{ < - e i,0i Yls=o([hj,s-l-li fk-s-l] + 
2fi,k-s-lhj jS -l-l) >) = ~\ a ij{< ^OiEs^fe-i-l'/it-s-ll > 

+ 2 < ei,o,Y^ s =olfi,k-s-i,hj >s -i-i] >)• 

Second summand equal zero in view of inductive assumption. Let's trans- 
form first summand. Let's decrease degree of right-hand side in pairing 
formula using defining relations in Yangian Double. 

< h i>k ,hj ; i >= a,ij < e^o, ^2 s= oQ + s — l)[hj ,-s, fk-i+s-2\ a ij >= 
-{\a i:j ) 2 < eifl, Yl l s =o( l + s ~ l)[hj,-s, fk-l+8-2] >=■■• 
= —{\aij) k ^ l (< &i t o, [hjfl, fi-i] > Cjt-i-i + ^k-l 1 ^ 
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f^k-l-1 \ _ _(l n . .\k-lr<k-l . 
^k-l+l-l) — \2 ai V ^k a W 

First pairing formula is proved. The second formula is proved simpler by 
analogous arguments. The proving of sufficiency rather inconvin inconve- 
niently and we omit it here. Note, only, that actually it is also leaded by 
induction and based on formulas (|2.16j) . (|2.17j) . 

Theorem 2.1. 1) Subsuperalgebras YT , H* , Y* of super algebra y_ are 
generated by fields e ? ~(u), hj (u), f^~(u); 

2) Pairing of generators of subsuperalgebras Y + ,Y- of superalgebra DY(q) 
is assigned the next relations for < 1 < \u\: 



< e+W./'M >=< f+(u),ej(v) >= ij; (2.18) 

< ft . + (").'=7(")>=H ± feS < 2 -«) 

Proof. Theorem imply from proposition 2.5. 



3 Computation of Universal R- matrix of Yangian 
Double DY(q). 

First, I remind the definition of universal R- matrix for quasitriangular Hopf 
topological superalgebra, which is natural generalization of notion of uni- 
versal .R-matrix for quasitriangular Hopf algebra (see 0). 

Universal i?-matrix for quasitriangular topological Hopf superalgebra A 
is called such invertible element R from some extension of completion of 
tensor square A® A and satisfying next conditions : 

A op (x) = RA(x)R-\ Vx G A; 

(A ® id)R = R 13 R 23 , (id ® A)R = i? 13 # 12 , 

A°p = a o A, o(x ® y) = (-l)p( x My)y ® x . 

If A be a quantum double of Hopf superalgebra A + , i.e. A = A + (g> A~ , 
A~ := A be a dual to A Hopf superalgebra with opposite comultiplication, 
then A be a quasitriangular Hopf superalgebra and universal R- matrix in 
A assume next canonical presentation: 

R = V] ej <g) e l , 
where {e^}, {e*} are dual bases in A" 1 ", A~, respectively. 



11 



Let Y + ,Y Q ,Y_ are subsuperalgebras in DY(g), generated by fields 
et(u),hf(u), 
f i (u),i G /, respectively. 

Proposition 3.1. 1) Universal ii-matrix of Yangian Double can be 
presented in the next factorizable form: 

R = R+RqR— , 

where R + G Y+ <g> YZ , R G V ® Yq, R- G Y+ ® Y+ . 
2)Pairing on the base elements can be computed according to the next for- 
mulas: 

(_l)no+-+R fc5n0jjno . . . §nomo . no \ ni \ ... nk \. a ( 7o )no . . . a ( 7fc )n fc 
<T P n fc ... P n l P n A . . . „mi m 

^ e -/3 fe e_ /3i e j3o ,e_p k _ s e_p i _ s e_p Q _ s >- 

(-l) no+ - +nfc <Wmo • ' ' <Wm • ™o!ni! •••«*!■ a(7o) n ° • • • a( 7fc ) nfc (-l) e(/3o)+ - +e(&) 

Here (3). = f3' k + n' k S, and coefficients can be calculated from condi- 
tion [ep,e-p\ = a((3)hp/. 

From proposition 3.1 follows 

Lemma 3.1. The elements in decomposition of universal R- 

matrix of DY(q) can be presented in the following form 

R+= n/36H + exp(-(-l)W)a(/3)e /3 ®e_ /3 ), (3.3) 
R-= fl/3eH_exp(-(-l) e (' 3 )a(/3)e /3 ®e_ /3 ), (3.4) 

where product taken according to normal orderings satisfying con- 

ditions o 

Normalizing constants a(/3) can be found from the following condition: 

[ep,e_p] = (a((3))- 1 h 1 if (3 = 7 + n5 G 3+, 7 G A + ( 5 ), 
[e^e^] = (a(P))-% if /3 = 7 + nJ G S+, 7 G A+( 5 ), 



and 0(/3) = deg(ep) = deg{e_p) denotes parity of element e±p. 
For description of term Rq we need some auxiliary notions. First of all, 
let's introduce "logarithmic" generators 4>f(u),i = 1, • • • , r by formulas 

00 00 
<^ + ( n ) : = ^2^i,kU~ k ^ = lnhf(u);<p7(u) := = In/ir(«) 

fc=0 fc=0 

(3.5) 



12 



Let's introduce vector- functions 

Uf(u)\ /hf(u)\ 



4(u) 



\<t>f(u)J 



hf(u) 



\ht(u)J 



From theorem 2.1 imp lyes pairing formula in the terms of generating 
vector-functions 



<((h+(u)Y,h-(v))>=( 

Therefore, for generating functions 
following form 



u — v + \(a.i, ctj) 
'm — v — dj) 



(3.6) 



< <pf(u),<Pi («) >= h 



(u) , (u) pairing formula has the 

u - v + ctj) . 



2 [ a ii a j, 



-) 



It — t> 

These formulas we can rewritten in the matrix form as 



< 



< 



(u)Y,r(v) >= (ln( 



u - v + i(aj, aj) 
u — v — aj) 



-(u)) T ,0» >= (ln(- 



v + |(aj 



))*, 



(3.7) 



(3.8) 



(3.9) 



u, — W — 2 ( a i ~~ a jy 

Further calculation we shall conduct on the scheme suggested in [P3*] . 
Using this way we can attach to this calculations some gemetrical sense. 

Along with Yangian Double DY(q) let's consider Hopf superalgebra 
DY(g), isomorphic to as associative superalgebra to DY(q), but with an- 
other comultiplication defined next formulas: 



K(hf{u)) = ht{u)®ht{u) 
A(ei(u)) = ei(u) (g> 1 + hj(u) ® ei(u) 
A(fi(u)) = 1 ® /*(«) + /<(«) ® /i+(n) 



(3.10) 
(3.11) 
(3.12) 



-fc-i 



Here 

ei(u) := ef(u) - e~(u) = T,k€Z & i,k u ~ 
f i (u):=f+(u)-f-(u) = E k zzhkU- k - 1 

Such comultiplication it was introduced by V.Drinfel'd ([!]) in the case of 
Yangians (and Yangian Doubles) of simple Lie algebras and it convenient by 
that the pairing formulas relatively this comultiplication has a simple form. 
It is possible to check (see |13|). that comultiplications A A conjugated by 
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limit operator i°° := lirrin^^f 1 , t(e i>fc ) = e fc+ i, i(/ i>fc ) = fk-\,t{hi,k) = h k . 
In other words, 

A(x) = iimn^o^ t n )A(£~ n (x)), (3.13) 

for Vx € -DY(g). (The convergence it is implied in suitable topology of 
DY(q) ®DY(q).) 

Let DY (g) (Z?Y (3)) be a Hopf subsuperalgebra of Hopf superalge- 
bra DY(g), generated by elements e^kik G Z,hi tm ,m G Z + (fi t k,k G 

Z,hi jm ,m < 0). Then DY (g) isomorphic to dual Hopf superalgebra (Z)Y (g))*. 
From comultiplication formula (|3.1UI) imply that elements </^ fc are primitive 

elements in Z?Y(g). 

Let $+ =< </)+ k : i G I = {!,■■■ ,r},k G Z + >,$-=< 0r_ fc _ 1 : i G 
J = {1, • • • , r}, k G Z + > are linear superspaces (generated by indicating in 
brackets sets of vectors) . 

Let also {<fti, m },{<f> l ' m } are dual bases relatively form ()3.7|) bases in su- 
perspaces <I )+ , < 1 >_ , respectively. 

We have the following 

Proposition 3.3. The element R$ from proposition 3.1 has the following 
form 

R = exp{Y^{-l) de9{ ^' m) h m ® f'" 1 ) (3.14) 

i,m 

Proof. Let B + = C[3? + ],.B_ = C[&~] are commutative function alge- 
bras on <I? + ,<J>~, respectively and {4>i, m }, {cj) l ' m } are above mentioned dual 
bases. 

Let's fix some total linear ordering of basic and below we'll use notation 
{4>a}-, {0 a }> a G N. Let's prove by induction next formula 

< • • • (^r 1 • • • (<^r* >= S numi ■ ■ ■ 8 nk , mk n x \ ■■■n k \ (3.15) 

It is easy to verify the base of induction for k = 1, n\ = 1 < <pi x , (f) n >= 
1, < 0^,1 >= 0. Further, let < $ l 1 ,(0 n ) n >= n\. Let's show that < 

( < ^ il ) n+1 >= (™ + I)'- In fact, 
<^ +1 ,(4> i ) n+1 >=< A(&)A((&)»),0* ® (<^) n >= 

< ® 1 + 1 ®>)(Efc=O C, n®*(^) ft ~ fc ) > < ® > = 

(n + 1) < >< (4>i) n ,((f) l ) n >= (n + 1)!. Using proved formula by 

induction on k it is proved statement of theorem. Theorem is proved. 

Let now (f(u))' = -£(f(u)). Let ' s differentiate equality (H2J) on param- 
eter u. We derive 
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& <ri(uUj(u) >=< (#(«))', >= ^ v+ l^ aj) - u - v -l M - 

Let 4>f(u) = T,kLo<t ) i,kU~ k ~ 1 , 4>~(u) = Y?k=0<t > h-k-iu k . Then in terms of 
generaing functions the pairing < 4>i t k, 4>j,i >= <%<5fcz can be rewritten in the 
next form: < <pf (u) , (f>j (v) >= Y^k,l < <t>i,ki ft' 1 > u~ k ~ 1 v l = 

("<i<«)=^Er=i^f = i 

Thus we receive that 



< 4>t(. u ),4>j ( v ) >-- 



'K) 



U — V 



(3.16) 



Let' introduce a generating vector-functions 

(4>f{u)\ 



Then pairing (|3.16|) we can rewrite in the next matrix equality: 



< 



-(u)) T ,4>-(u) >-- 



E r 



u — v 



(3.17) 



where E r be a unit r x r-matrix. 

Let T : f(v) — > /(u — 1) be a shift operator. Clearly that 



< 



u — « + i(a«, a,) u — i> — i(a«, ay) 



{id®{T b ^ -T~ b »)) 



'i.i 



u — v 



-<4>-(v),(T b v -T 



3 j 
U) > 



Here = = |(ai, ay). Let A = {a>ij)\j = \ be a symmetric Cartan 



Let also 



matrix of Lie superalgebra A(m, n). q, i. e. a 
A(q) = (aij(q))i j = i be a q-analog of Cartan matrix, where aij{q) = [aij] q 

[(ai,aj)\ - 



Let also -D(g) be an inverse matrix to A(g) and denote a transposition 
of matrix A Then we can rewrite previous equality in the next matrix form 

< (^(v^^-iu) >=< (^^f.ir^tr-r^-M > 

Therefore 



<(fM) T ,^W> 
< ((r - r- 1 )- 1 z>(r-5)(^-(«)) T , (^+(«))' > 



(3.18) 
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Thus we have the next equality 

-it- =< ((T - T- 1 )" 1 ^-*)^- («)), ((^ + (n))') T > (3.19) 

So we have diagonalize pairing. Let's present matrix D(q) in the form 
D(q) = ji^C{q), where C(q) be a matrix with matrix coefficirnts be- 
ing polynomials of q and q^ 1 with positive integer coefficients (i.e. Cy € 
^[(Zj<Z -1 ])- Let also 1(g) = h(g) be a dual Coxeter number. In these nota- 
tions the previous formula can be written in the next form 

E r 

u—v ~ 

< ((r'(fl) - r-^e))-^^-!)^-^)), ((^+(n))') T > (3.20) 

From this equality imply formula for the term Rq in the factorizable 
formula for the universal i?-matrix. 
Theorem 3.1. 

Rq = 

n„>o exp EL=i E fc >o((#"(«))')* ® ^(T-s)^^ + {n + \)l(Q)))-k-i (3.21) 

4 Computation of the Universal R- matrix of the 
Yangian Y(q). 

First of all let's consider the classical analogs of the argumrnts which will 
be leaded below. Classical r— matrix r(u,v) of the classical double 
(^((u -1 ))), q[u]) of the current algebra g [u] has next form: r(u,v) = 

E? k e i,k ® e l,k , where {e^ = ej-u fc }, {e t,k = e t u~ k ~ 1 } are the dual bases in 
the respectively, with relate to pairing 

< f,9>= res(f(u),g(u)), 

where (•, •) be an invariant bilinear form on g and {ei}, {e 1 } are dual bases 
in g relative to this form. 
It is easy to see that 

r = Ei IXo d ■ f ® • t;-*" 1 = E^+o Ei ^ ® e* ■ tT 1 ^)* = (« < K 
v ) = ^. ei( g, e i T ^_ = _i_, 

where t = Ei e « ® e * be an Casimir operator of universal enveloping super- 
algebra C/(s) of Lie superalgebra Q = A(m,n). Thus we have that 

r = — — (4.1) 

v — u 
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Note that this classical r-matrix don't belong to g[i]® 2 . Let's introduce shift 
operator T x : f(u) — » f(u+X). Let's act by operator id®T\ on r. We derive 
{id T x )r(u, v) = = x{1 _ x -\ {u _ v)) = 

Er=ot(n - v)^-"- 1 = Ek=orkX- k -\ 
where r k G g[i]® 2 . 

We'll derive this arguments another equivalent way in order that to do 
the analogy with quantum case more evident. 
(id ® J\)r(u, v) = £\ Er=o e l -u k ®e t -{v + A)-^ 1 = 

Ej Efc=0 e i' U ® e% ' (A(i_(_„/A)))fc+i = 

E< Er=o E~=o « ■ «* ® e* • (-l)-C7* +fc «-A— = (n = m + fc) = 
E~=o Er=o EiC-l)"-*^^*®^^-^-"- 1 = Er=o Ei e i ®e < («-y)-A-»- 1 

Let's try to repeat this argument in the quantum case keeping in mind 
that Yangian be a quantization of the bisuperalgebra of polynomial current 
g[t], Yangian Double be a quantization of classical double g((t)) and univer- 
sal i?-matrix of Yangian Double be a quantum analog of classical r-matrix 
r, and above considered r-matrix (id (g> T\)r(u, v) is that classical analog of 
the universal R- matrix of Yangian wgich we are going to compute. 

Let's define homomorphism T x in the quantum case 

T X : Y(g) -> Y(g) 

by formulas: T x (x) = x for x G 0, 2^(0^1) = a^i + Aa^o for a G {e, /, /i}. 

Proposition 4.1. The action of T x on the generators ai n , a G {e, /, /i}, n G 
of Yangian Double DY(q) is defined by next formulas: 

n 

T x a hn = £ C k n a hk \ n -\n G Z + (4.2) 
fc=0 

oo 

T X di- n = ^(-ifC^-l^a^X-^- 1 , n G N (4.3) 
fc=o 

Proof. First of all note that the same formulas define action of T x in 
classical case also. Let h^i = — ^hf . Then it is fulfilled next relations 
in the Yangian Double DY(g). 

[&i,ki fj,iri\ — fiijfojjk+rn- (^'^) 

Sufficiently to check this formulas for generators e Jjn , fj tH . Because the rela- 
tions (|4.3[) . Q4.4|) for generators hj >n imply for these relations for generators 
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e j,n, fj,n an d formula 14.51 Let's prove the relations (|4.3[) . (|4.4|) for genera- 
tors ej jn . For generators /j iTl the arguments are the same. Let's prove the 
formula l)4.3|) . For n = formula q4.3|) is true on definition. Let this formula 
is true for all k < n. Let's prove that this formula is true for k = n + 1. Let 
j such that gu, 7^ 0. Let's note that T\ be a homomorphism. Then 
T\(e ijn+ i) = Txfajt [hj t i,ei >n ]) = [T\hj,x, T A e, in+ i] = 

«7/(ELo <*\i, e, fc ]A™- fc + ELo C*[^,o, ei.fcjA'H- 1 -*) = 

En+l c*k „ \n+l— fc 
fc=0 " +1 '- fc 

Formula (|4.3|) is proved. Let's prove the formula (|4,4j) . Let n = 1. Then 
a 7 t J- 1 ' e *>- 1 ] = ei > 0, Let's act on the left-hand and right-hand sides by the 
operator T\. First let's act on the left-hand side. We have 
aJ^TxCh^Me^)} = aj^[h jtl + §Jy, , EkLoC-l^C^A-*- 2 ] = 

Er=o(-i) fc ^ + iA- fe - 2 + Er=o(-i)^ i)fe A- fc - 1 = 

e,,o + Er=o((-!) fc + (-l) fc+1 Kfc+iA- fc - 2 = e;, 

As the right-hand side don't change under the action T\ on definition then 
we have that left-side and right-side hands are coincide. Formula for n = 1 
is verifyed. Let formula is proved for all k < n. Let's prove it for k = 
n + 1. Let's act as above by operator T\ on left-hand and right-hand 
sides of formula aj^[hj : i, ei- n -i] = &i- n - Let's act on the left-hand side. 

-/ A /<,,.y A <, , •.: = «7/^.i + l^0'Er=o(-i) fe ^ + n^A-"- fc - 2 ] = 

e i,0 + Efclo( _1 ) fc+1 (-Cfc+n + Cfe+n+l) e i,feA n fc 2 = 
Efc=o( _1 ) ^k+n-l e i,k^ " = Txe-i-n 

We have that left-hand side is equal to right-hand side, and therefore the 
formula (|4.4f) for all natural numbers n is proved by induction. Proposition 
is proved. 

Remark Note that series defining the value of operator T\ on generators 
a%- n converges for enough large values of A. 

Now we can to calculate the universal i?-matrix R(X) of Yangian Y(q) 
by formula: 

R(\) = (id®T_x)R, (4.6) 
where R be an universal i?-matrix of double DY(q). As R = R+RqR-, 
then acting by operator id (g) T\ on R and using the fact that T\ be a 
homomorphism and therefore id ® T\ be a homomorphism also, we have, 

R(X) = R + (X)R (X)R-(\), (4.7) 
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where R+(X) = (id®T-\)R+, R (X) = (id®T- X )Ro, R-(X) = {id(g>T- X )R-- 
Note that 

oo 

R(\) = l + Y,Rk\- k -\ (4.8) 

k=0 

where 1 be an unit element in Y(g)® 2 , Rk € Y(q) <8> Y(g). Such form is 
not enough suitable as coefficients Rk have heavy visible form. Becouse 
final result let's present in other more visible form. Let's act by operator 
id <S> T_\ on right-hand side of 13.31 We have 

R+W = Hf3es + exp(-(-l) e ^a(/?) e/3 ® T_ A e_^), (4.9) 

Let's calculate separately element T_\e_p. As (3 = (3' + n5, then in view 
14.31 we have 

< oo 

MA) = II^H_ exp(-(-l) 9 (/ 3 )a(/3)(^(-l) fe C^_ 1 (e^e_ /3+(n+m) ,)A-"- fc - 1 ), 

fe=0 

(4.10) 

Similarly it is calculated element i?_(A). Summarizing stated above we 

get 

Proposition 4.2. Terms R + (X), R—(X) of universal i?-matrix of Yan- 
gian have the next form 

R + (X) = H^H + exp(-(-l) e ^)a(/3)(y:r=o(- 1 ) fc ^n-i(e/3 ® e^+^iJA-"-*" 1 ), (4.11) 
iMA) = n/? e H_exp(-(-l)^(/3)(£^ (4.12) 

Example 4-1- Let's consider example of calculation of terms i? + (A), i?_(A) 
in the case of the simple Lie algebra s^. Then 
- R +( A ) = Tln>oexp(-e n <g>T A (/_ n _i = 

nn>0 exp((-l)» E"=0 CZ +n en ® fm^~ n ~ m ~ 1 ) = 

e X p(E^oE~=o^ + n(-l) n en0/ m A-"-™- 1 ) = exp(£r=o(Em=oCfc(-l) n ^ 

/fc-n)A ) = 

rin>oexp((y:^ =0 c fe «(-ir en ®/ fc _ n )A- fe - 1 ) ^ 

Similarly it can be calculated the term (A) . Thus we get the next formulas 

R+W = fLo exp((ELo ^ n (-l) n e n ® /^A"*" 1 ), (4.13) 
R^) = nn>oeM(Et= C'k l (- l ) n fn®e k - n )X- k - 1 ), (4.14) 
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Let ord(P) := n, if /3 = + n5,(3' G A + (g). Then the proposition 4.2 
we can rewrite in the next form 

R + (X) = fUn+ exp(-(-l)Wa(/?)(£r=o(-l) fc 
CES2S-i(«/J ® ^(aniCffl+^A-"^)-*- 1 )), (4.15) 

A-(A) = fW exp(-(-l)^)a(/?)(£~ 
(-^C^Trn-i^ ® e_ /3+(ord(/3)+fc)5 )A— (4.16) 

Let's calculate the term i?o(A). For this it is required next 
Proposition 4.3. Shift operator acts on generating function of Cartan 
generators in the following way 

T x {hT{u)) = h+(u + \) (4.17) 

Proof. T x {hr(u)) = r A (l-Er=oM-l^) = l-£r=o T A(/i;,-fc-i)^ = 
l-Er=oE™=o^ +fc ^,-)A- m - fc - 1 ^ = l+E ? n=o^,-(A + n)- m - 1 = (u+ 
A). Proposition is proved. 

Corollary 4.2. T x {tpT{u)) = <pf{u + A). 

Proof. T A (^(n)) = T A (ln(V(t*))) = HT x (hr( u ))) = ]n(h+(u + A)) = 
<pf(u + \). 

Now we can calculate the term Rq(X). 
Proposition 4.4. Term Ro(\) has next form 

R (X) = J] exp( E((^( u ))')fe ® ^(T-i)(4(« + (n + ^(fl) + A)) fc ) 

n>0 i,jelk>0 

(4.18) 

Example In the case of the simple Lie algebra 5(2 formula l4.18l admit 
the next simple form 

flo(A) = II ex P(" E(^ + ( n ))')^ ®(^ + {v-2n-l + X)) k 

n>0 k>0 

We can present results of this section in the form of the next theorem. 
Theorem 4.4. Universal R-matrix of Yangian Y(A(m, n) has the next 
form 

R(X) = R+(X)Ro(X)R-(X), (4.19) 
where terms R + (X), Rq(X), i?_(A) is described by, respectively, formulas (|4.15|) . 

<EHHI). 
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